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Graded Version of Some Basic Theorems on 
Local Cohomology to a Pair of Ideals 

P. H. Lima* and V. H. Jorge Perez t 


Abstract 

In this paper, we prove some well-known results on local coho¬ 
mology with respect to a pair of ideals in graded version, such as, 
Independence Theorem, Lichtenbaum-Harshorne Vanishing Theorem, 
Basic Finiteness and Vanishing Theorem, among others. Besides, we 
present a generalized version of Melkersson Theorem about Artini- 
aness of modules and a result concerning Artinianess of local coho¬ 
mology modules. 


1 Introduction 

Local cohomology with respect to a pair of ideals was firstly defined in (TYYj . 
where the authors generalized the usual notion of local cohomology module 
and studied its various properties such as the relation between the usual 
local cohomology module, H}(M), and the one defined to a pair of ideals, 
H\ j(M), vanishing and nonvanishing theorems, the Generalized Version of 
Lichtenbaum-Hartshorne Theorem, among others. 

Having the above results as motivation, the aim of this paper is to present 
in graded version some basic theorems on cohomology with respect to a pair 
of ideals, such as, Independence Theorem, Lichtenbaum-Harshorne Vanishing 
Theorem, Basic Finiteness and Vanishing Theorems, and assertions concern¬ 
ing Artinianess and depth with respect to a pair of ideals. 
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The organization of this paper is as follows. 

Let R be a graded ring and let / C R be a graded ideal, J an arbitrary- 
ideal and M a graded -R-module. Let R + denote the irrelevant ideal of R , 
that is, the ideal generalized by elements of positive degree. 

In section 2, we view the local cohomology *H\ j(M) as a graded module 
and express it in terms of usual local cohomology modules. To be more 
precise, we denote by *W(I,J) the set of homogeneous ideals c of R such 
that I n C c + J for some integer n, and then, show that 

•H)j(M) = lm^.j 

We also present the graded version of the Independence Theorem and 
Lichtenbaum-Harshorne Vanishing theorem for a pair of ideals. 

In section 3, we suppose R is a positively graded Noetherian ring which 
is standard, that is, R = [-Ri], where R 0 is local ring. In [ RS\ Theorem 

2.1], the authors show that if n = sup{i : H R (M) ^ 0} then the R- 
module H R (M)/xnoH R (M) is Artinian. We generalize this result for the 
case of local cohomology with respect to a pair of homogeneous ideals, besides 
showing that H R j(M)/(m^R + J)H R+ j(M) is actually Artinian for all i > 
0. Furthermore, we prove that 

dimM/(m 0 R+ J)M = sup{i : H R+J (M) ^ 0}, 

a generalization for 1 111 Lemma 3.4], We also present a new version, with 
respect to a pair of ideals, for Melkersson’s Theorem about Artinianess. 

In section 4, the module M and the ring R are assumed to be a Cohen- 
Macaulay, and then, it is obtained an expression to the number 

inf{i 6 N„|f/i + JM) + 0}. 

In section 5, Ro is assumed to be a local ring with infinite residual field. It 
is well-known that, for all i > 0, H l R (M) n is finitely generated /?o-module for 
n 6 7L and H R (M) n = 0, for n sufficiently large. We give a positive answer 
for this in the case of cohomology modules with respect to a pair of ideals. 
If J is generated by elements of zero degree then, for i > 1, H R+ j(M) n = 0, 
for n sufficiently large and H R j(M) n is a finitely generated Ao-module for 
all n G 7L. Finally, we prove a result about asymptotical stable (Theorem 

ED- 
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2 Graded versions for a pair of ideals 

In this section, we introduce a grading to making this a graded 

module. The result [TYY1 Theorem 3.2], Independence theorem for a pair 
of ideals and Generalized Version of Lichtenbaum-Hartshorne Theorem are 
again presented now from the point of view of graded modules. 

(A) Let R be a graded ring and let / C R be a graded ideal and J 
an arbitrary ideal. If M is a graded A-module then T/ i j(M) is a graded 
submodule of M. In fact, pick m = (m*,) G T/ j j(M), so I n C (0 : m) + J. 
It is easy to see that I n C (0 : m^) + J, for all i and each k. Then define 
Ti j(M)i = {m G Mi : ml n C mJ for some positive integer n > 1}. 

(B) For a homomorphism / : M —» N, we have /(T/ j(M)) C so 

that there is a mapping T/ i j(/) : T/ i j(M) —> T/ i j(Y), which is the restriction 
of / to T/ j(M). Thus T/ j is an additive functor on the category of all graded 
A-modules. 

(C) Since the category of the graded modules has enough injectives, we 
can form the i-th right derived functor of Yj j (on the category of the graded 
modules), which will be denoted by *H}j (i > 0). For a graded R- module 
M, we shall refer to *H\ j(M) to be the i-th graded local cohomology module 
of M with respect to the pair of ideals (/, J). 

(D) One can derive, by functor properties, that given an exact sequence 
0 —y Ad —y _/V —^ P —^ 0 of graded A-modules, there is a long exact sequence 

0 -Hij(M) -Hij(N) -Hij(P) 

-*• 'HIj(M) -+ -H)j(N) -HlJP) -4 

of graded modules with respect to a pair of ideals. 

Definition 2.1. We denote by *W(I,J) the set of homogeneous ideals c of 
R such that I n C c + J for some integer n. We also define a partial order 
for this set: 

c <d if c2 5, for c, t) G *W(I, J). 

If a < b we obtain the inclusion map T a (M) T b (M). The order relation on 
*W(I , J ) and the inclusion maps turn {r o (M)} a6 ,^ 7 ^ into a direct system 
of graded R-modules. 

Proposition 2.2. Let R be a graded ring, I a graded ideal, J an arbitrary 
ideal of R and M a graded R-module. Then there is a natural graded iso¬ 
morphism 
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Proof. Firstly we observe that r = U c e*iT(/ j) r c (-W). In fact, if x G 
Ucg*w(/ J) r c (M), we have I m C c + J and xl n = 0 for positive integers n, m 

and some c G* W(I, J). Since I mn C (c + J) n C c n + J, we have I mn x C Jx, 
that is, x G Now let x G homogeneous. Then I n C c + J, 

where c = ann(x), so xc = 0 and x G r c (M). If x is not homogeneous, we 
write x = x\ + ... + x r , where Xi is homogeneous. We have then a,; = ann(xj) 
for each i. Hence xcq ■ ■ ■ a r = 0. Therefore x G T C (M), where c = Oi ■ ■ ■ a r . 

Let^O —y M —y N —> P —^ 0 be an exact sequence of .R-modules. For each 

c G* W(I, J), we have a long exact sequence 

0 -> *R C °(M) -f *H?(N) ->■ *R C °(P) -> 

->• *H}(M) ->• ^(iV) ->■ *Hl(P) ->• •••, 

which we can take the limit to obtain a long exact sequence 

0 ->■ ->• *H®(N) ->■ hn^g*^^ *H®(P) 

Since *H l c (E) = 0 for any *injective R-module E and any positive integer 
i, 1iScG*w(/J) * H l(E) = 0. Therefore, one may conclude that 

M = 0,1, 2,...} 

is a system of right derived functors of (see |BS, Theorem 12.3.1]), and 
that there is the desired graded isomorphism. □ 

Remark 2.3. Consider the above setup. Since T IyJ (M) = U c e*iT(/ j) (M), 
one may conclude similarly to the above proof that 

«IAM) - ii^, e . W(AJ) -ff;(M). 

The following result is obtained from the previous proposition once *H\(fE) = 
0 for any graded ideal c and an *injective graded R-module E. 

Proposition 2.4. Let R be a graded ring, I a graded ideal and J an arbitrary 
ideal. Let E be an * injective graded R-module. Then H\ j(E) = 0. 

By Proposition 12.41 we have the following 
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Proposition 2.5. Let R be a graded ring, I a graded ideal and J an arbitrary 
ideal. Let M be an R-graded module. There is an isomorphism 

‘Hjj(M) = H)j(M), 

for all i as underlying R-modules. 

Theorem 2.6. (Graded independence theorem for a pair of ideals) 

Assume R = ©nez Rn is a graded ring, I C R a graded ideal and J C R 
an arbitrary ideal. Let R' = © neZ R' n be another Noetherian graded ring, 
f : R —>■ R! a graded homomorphism of rings such that /(/) = JR' and M' 
an R'-module. 

1. For each j e No, both the cohomology modules 

and 


are graded R-modules; 

2. For each i e N 0 , there exists a graded isomorphism 

= H U M ') 


of graded R-modules. 

Proof. The first item follows because / is homogeneous. 

The assumption /(/) = JR' gives T l IR , JR ,{M') = Tfj(M'). By jTYYl 
Theorem 2.7], for each graded /?,-module M', one has an isomorphism 

- H)j(M'). 

By using the grading on FP r j(M') obtained from first item, we can turn 
this isomorphism into a graded isomorphism. On the other hand, given an 
i?-graded homomorphism / : M' —)■ N', we have a natural commutative 
diagram 

l 4 - 

H\r',JR! (■ M') ^ H 1 ir',jr' m- 

Hence, as FF IR , JR fE) equals zero (by Proposition 12.41) . these (new) gradings 
coincide with the ones from item 1. So, one can conclude the second item. □ 
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Lemma 2.7. Let R be a graded local ring of unique graded maximal ideal m. 
Let d be the dimension of R, I a graded ideal and J an arbitrary ideal of R. 
Then Hf j(R) = H d I%jk (R). 

Proof. By [CW1 Theorem 2.1] (the same proof is true for the non-local case), 
Hf j(R) is Artinian. So, by [TYYI Lemma 4.8], we have 

= Hf tJ (R) ® r R = Hf tJ (R). 

On the other hand, by [TYYi Theorem 2.7], one has Hfj(R) = Hf~j~{R). 
The lemma is then concluded. □ 

Theorem 2.8. (Graded Lichtenbaum-Hartshorne Vanishing Theorem to a 
pair of ideals) 

Let R = © n >o-Rn be a positively graded ring and an integral domain of 
dimension d. Assume Rq is a complete local ring. Let I be a proper graded 
ideal and J an arbitrary ideal of R. Then Hf j{R) = 0. 

Proof. If J = 0, it reduces to the usual case, already proved. Suppose then J 
is a nonzero ideal. Let m be the unique graded maximal ideal of R. We know 
the completion R m is isomorphic to the m-adic completion R of R. Further, 
since Rq is complete, it is known that A is a domain. By the generalized 
Lichtenbaum-Harshorne Vanishing theorem ( [TYYI Theorem 4.9]) one can 
deduce Hf Rm JRm (R m ) = 0. On the other hand, by Lemma 12771 one obtains 

ff/ws-W.) = Xfj(R). 

Therefore Hf j(R) = 0. □ 

Proposition 2.9. ([ TYYi Corollary 4.2]) Let R be a graded local ring of 
unique graded maximal ideal m and M be a finite graded module over R. Let 
/, J be graded ideals of R. If H) j(M) = 0 for all integers i > 0, then M is 
an (/, J)-torsion R-module. 

Proof. Set N = M/T ItJ (M). We need to prove that N = 0. Suppose JV^O. 
By [TYYI Corollary 1.13], we have T ItJ (N) = 0 and H U (N) = H U (M) = 0 
for all i > 0. Since by hypothesis /, J are graded ideals, we have m G W(I,J), 
so that 

inf (depth A ,7 p | p G W(I, J )} < depth N m = depth N < oo. 

By using [ TYYI Theorem 4.1], we obtain Hj j(N) 0 for some integer 
i < depthiV, which is a contradiction. □ 
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3 Top local cohomology 

In this section, we give a version for Melkersson’s Theorem concerning Ar- 
tinianess of module with respect to a pair of ideals (Proposition [372]) . Also it 
is obtained a result about Artinianess of local cohomology with respect to a 
pair of ideal (Theorem 13.31) . To conclude the section, we find the top of the 
local cohomology with respect to a pair of ideals (Theorem 13.5p . 

Throughout this section, let R = (Bd>oRd denote a positively graded com¬ 
mutative Noetherian ring, which is standard, that is, R = Ro[Ri]. Assume 
Rq is a local ring of maximal ideal mo- Set R + = ©j>oRj, the irrelevant ideal 
of R. Let M = be a finite graded R-module. Let M[a } denote the 

graded module a-shift of M, defined by M[a]i = M i+a . 

Remark 3.1. R can be derived from Proposition 12.21 that H\ j(M[a]) = 
Hj j(M)[a\ as homogeneous modules. 

Proposition 3.2. f [M| Theorem 1.3]) Let M be an (/, J)-torsion R-module 
for which (JM \m I) is an Artinian module. Then M is an Artinian module. 

Proof. If M is an (/, J)-torsion R-module, then M/ JM is an I -torsion mod¬ 
ule by |TYY1 Corollary 1.9]. Since by assumption (JM \m I ) = (0 :m/jm I) 
is an Artinian module we can use a result due to Melkersson (see [M? Theo¬ 
rem 1.3]) to get M/JM is an Artinian module. Moreover, JM C (JM ■m I) 
is also an Artinian module. By an exact sequence one can conclude M is an 
Artinian module. □ 

Next theorem is a generalization of Theorem 2.1 in [RSj . 

Theorem 3.3. Let J be a graded ideal of R. Then the R-module 

H' R+ ^M)/(m,R+J)W R+ ^M) 

is Artinian for all i > 0. 

Proof. Since M is a finite R-module one may verify R k + T r + ,fa(M) C JT i?+iJ (M) 
for some integer k. It implies (mo+R+) fc T r + AM) C m„r r +AM)+JhLj(M), 
so that one may conclude 

r R+ ,j(M)/(m 0 R+ J)Tr + ,j(M) 


is Artinian. 
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Now assume, by induction, that i > 0 and we have shown 

is an Artinian module for any finite graded A-rnodule M'. In view of [TYY, 
Corollary 1.13], we can assume M is an (R+, J)-torsion free A-module. Since 
r r + (M) C T r+ ,j(M), there exists a homogeneous element x E R + which is 
M- regular. Say, deg(x) = a. The exact sequence 

0->l4 M[-a} -4 (M/xM)[-a] —>■ 0 

induces an exact sequence 


•••-*• H£j(M/xM) 


Hence, we have the exact sequence 
h£j{m/xM) 






-f 


(m „R + J)H£j(M/xM) (m 0 R + J)H‘ X+ JM ) 


a? 


x(m 0 i? + J)-Hj 4 ,j(M))[-a] 


-4 0. 


flj-'jlM/iM) 

By induction hypothesis, we have -—-— T thi_i , r , is Artinian. It shows 

h r A M ) 

the kernel of the multiplication by x on ^ moR+ f )U , -is an Artinian R- 

_ H \j j(M) 

module. By using [TYY, Corollary 1.13], one can deduce ^ moR+tR)H i -pgy 

is an ((x), J)-torsion A,-module. To conclude the proof, we apply Proposi- 

_ i/jj j{M) 

tion 13.21 in order to obtain (nM)R+ f ul , -ypy is Artinian. This completes the 


inductive step. 


□ 


Theorem 3.4. Let J be a graded ideal of R. If dim M /(vciqR, + J)M = d, 
then 

Hr, AM) = 0 , 


for all i > d. 















Proof. We argue by induction. Let n = dim#M. Suppose n = —1, so 
there is nothing to be proved, as M = 0. Assume then n > 0 and that 
the result is established for /?-modules of dimension smaller than n. By 
[TYY1 Corollary 2.5], H l R+J {Tj(M)) = H l R+ {Tj(M )) for all i > 0, once 

Yj{M) is an J-torsion module. By using the fact that 

v / m 0j R + ann(r J (M)) and J ann M)) = \/ m o^ + J + ann(M), one 

can conclude dim — dim mo (M/jAf) = We use then Bill. Lemma 

3.4] to obtain H r+ j {Yj{M)) = 0 for all i > d. Moreover, the exact sequence 
0 —» Tj(M) —> M —> M/Tj(M) —> 0 yields the long exact sequence 

• •• -+ H^j(Tj(M)) -+ H r+j (M) -+ W r+!J (M/Tj(M)) (3.1) 

We then derive 

Hr+,j(M) = H r+j (M/Tj(M)), 

for all i > d. We have 

dim , = dim _ m _ < 

(moi? + J)M/T,j(M) (m„R+ J)M +Tj(M) ~ 

In this way, we can assume M is an J-torsion-free module. So there exists 
an homogeneous element a G J which is a non zero-divisor on M. The exact 
sequence 0 —>■ M —> M —>■ M/aM —> 0 yields the long exact sequence 

• ■' -► 4 -> H’^JM/aM) -> ■ ■ ■ 

Once dim# M/aM = n — 1 and dim# ( mo R+jyM/ a M = we use ^ ie inductive 
hypothesis to conclude H R j(M/aM) = 0 for all i > d. Then the above 
long exact sequence says aH R+ J (M) = H 1 n+ J {M). By Nakayama’s Lemma, 
we obtain the desired result. □ 

Next result is a similar result to EE Lemma 3.4(b)]. 

Theorem 3.5. Let J be a graded ideal of R. Then 

dim M/(m 0 R + J)M = sup{4 : H R+ J (M) ± 0}. 


ann 


( Tj(M) \ _ 
l m 0 r j(M) ) 
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Proof. Consider the exact sequence 

0 —>■ (rtio-R + J)M M/ (m 0 R + J)M —> 0, 

which yields the long exact sequence 

• • • -> -> + J)M) -> H^J^R + J)M) -*■ • • , 

Now note that 

(m 0 i?+ J)M M M 

dim -—--— < dim -—— = dim --— = a; 

(m 0 R + J ) (m 0 R + J)M ~ ( m 0 R + J) 2 M {m Q R + J)M 

thus, because of Theorem 13.41 we obtain H l R+ b ((xnoR + J)M) = 0 for i > d. 
On the other hand, by using [TYYl Corollary 2.5] and IlllO . Corollary 35.20], 
one sees 

H d Rt JM/(m 0 R+J)M) “ H R+ (M/(m 0 R+J)M) “ H( R/moRU (M/(m 0 R+J)M). 

This last cohomology module is nonzero by [HIOl Corollary 36.19]. By ob¬ 
serving the above long exact sequence we get the desired result. □ 

4 Depth (/, J) on graded module 

In this section, we work with the concept of depth of a pair homogeneous 
ideals of R , and obtain an expression for it as M and R are both Cohen- 
Macaulay. For the ordinary case the [BSl Theorem 6.2.7] says 

depth j(M) = inf(i e N 0 : H}(M) ± 0}, 

for an i?-ideal / and a finite R- module M such that IM ^ M. For the case 
of a pair (J, J) ideals it was defined in [AAS . Definition 3.1]; we then recall 
this definition as follows. 

Throughout this section we assume R and M are as in section 3. 

Definition 4.1. Let /, J be two homogeneous ideals of the graded ring R 
and M a graded R-module. We define depth of (J, J) on M by 

depth(J, J, M) = inf{depth(a, M) \ a G W(I, J)} 

it this infimum exists, and 00 otherwise. 
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Remark 4.2. In the general case, by [ TYY , Theorem 4.1 and Theorem 3.2] 
or [AAS1 Proposition 3.3], we have 


depth(/, J, M) = inf {?' G No]//), j(M) ± 0}. 

Let /, J, K be three homogeneous ideals of R. Let us introduce the num¬ 
ber 

ht(J, J, K) := inf { lit (p) | p G W{I, J) n V(K)}. 

Note that when J = (0), 

ht(J, J, K) = ht(J + K). 

Proposition 4.3. Assume M is a Cohen-Macaulay R-module and R is a 
Cohen-Macaulay ring. Set I = \/ ann^M. Then 

depth (R+, J, M ) = lit (R+, /, J ) — ht(/). 

In particular, ht(/? + , /, J) — ht(J) = inf{z G No | H l n+ J {M) ^ 0}. 

Proof. By [TYY . Theorem 4.1] (or (AASi Proposition 3.3]), 

depth (R. +1 J, M) = inf {depth M p \ p G W(R + , J)}. 


Note that 

depth (R+, J, M) = inf{depth M p | p G W(R+, J) n V(I)}, 

once M p = 0 as p ^ V(I), that is, depthM p = oo. Since M is Cohen- 
Macaulay, in particular, 


depth Mp = dimMp 

for each p G W(R + ,J). But R is also Cohen-Macaulay by hypothesis, so 
dimMp = dimi?p//p = dim R v — ht/ p . By [L{ Lemma 1.2.2], all minimal 
primes of / have the same height, so that, ht/ p = lit/ for each p. By com¬ 
bining the above arguments, we obtain 

depth (/?+, J, M) = infjdim R p - lit/ | p G W{R+, J) n V(I)}. 

This last one equals ht(/? + , J, K) —lit/, by definition. The proof is completed. 

□ 
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Proposition 4.4. Let J be a graded ideal of R. Then any integer i for which 
Hr+,j(M ) f 0 satisfies 

depth(i? + , J, M) < i < dim M/(m 0 R + J)M. 

Proof. The proof follows by Remark 14.21 and Theorem 13.51 □ 

Corollary 4.5. There is exactly one integer i for which H R j(M) 0 if 
and only if 

depth (/?,+ , J, M) = dim M/ (m 0 R + J)M. 


5 Basic finiteness, vanishing theorem and 
asymptotical stability 

In this section, we generate two classical results about the graded components 
of local cohomology for the case of local cohomology with respect to a pair 
of ideals (Proposition 15.21 and Theorem 15.411 . Finally, we obtain a result on 
the asymptotical stability of the sequence {Ass/j 0 (ifV j(M)) n } nG z. 
Throughout this section, we will make the following assumptions. 

Let R = ©d>o-Rd denote a positively graded commutative Noetherian 
ring, which is standard, that is, R = i2 0 [-Ri] and let M be a finitely generated 
module over R. Assume Rq is a local ring of maximal ideal mo and residual 
held Rq/xxiq is infinite. Set R + = ©j>o Ri, the irrelevant ideal of R. 

It is well-known that H R (M) n is finitely generated Rq- module for all 
n 6 Z and H l R (M) n = 0, for n sufficiently large. Next assertion gives a 
positive answer for the case of cohomology modules with respect to a pair of 
ideals. 

Remark 5.1. Let /, K, J be arbitrary ideals of R, and let M be a K-torsion 
R-module. It is easy to check that H\ +K j(M) = H\ j(M) for all i G No- 

Proposition 5.2. Let J be an ideal generated by elements of zero degree. 
Set b = b 0 + R .|_. Then for i > 1, 

= 0 , 


for n sufficiently large. 
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Proof. Firstly we will prove the assertion as b 0 = 0. We proceed by induction 
on dimM. If dimM = 0 then by TVV . Theorem 4.7(1)], the result is clearly 
true in this case. Suppose now dim M > 0 and the result is established for 
finitely generated modules of dimension less than dim M. 

By [TYY1 Corollary 2.5], H^^Y^M)) = H i R+ (Y J (M)), for all i > 0. 
The exact sequence 0 —> Tj(M) —>- M —> M/Yj(M ) —> 0 yields then the 
long exact sequence 

H i R+ J {M) n H‘ R ^j(M/rj(M)) n -3 

One can conclude that H l R+ J {M) n is isomorphic to H R+J (M/Y j(M)) n for 
all n sufficiently large. Hence, we can assume that M is an J-torsion-free 
/?-module. As J is generated by homogeneous elements of zero degree, by a 
Prime Avoidance Lemma there exists an element x in J of zero degree which 
is a non zero divisor on M. 

The exact sequence 

0 -► M 4 M M/xM ->■ 0 
induces an exact sequence 

4 H‘ s ^j(M) n -> H R+ J (M/xM) n . 

By induction, for every i > 1, H R j(M/xM) n = 0 for all n sufficiently large; 
the above exact sequence yields then an epimorphism 

Hr 4 H‘ RtiJ (M) n , 

for all n » 0, so 

Nakayama’s Lemma completes the first part. 

Now we conclude the proposition. We proceed by induction on dim M. 
If dim M = 0, the result is clearly true. 

Consider the exact sequence 0 —> T bo (M) —> M —> M/Y bo (M ) —» 0, 
which yields, by Remark 15.11 the long exact sequence 

So, by using the first part, we obtain the isomorphism 
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for n large. We then may assume there exists an element x G bo which is 
a nonzero divisor on M. The final result is obtained by following the same 
arguments as in the last paragraph of the first part. 

□ 

Lemma 5.3. If J is generated by elements of zero degree andY R +t j(M) n = 0 
for n » 0, then, for each i > 0, H R+J (M) n is a finitely generated Rq- 
module for all integer n. 

Proof. We proceed by induction on i. By hypothesis and by the fact that M n 
for n « 0, we conclude that there exists u G N such that RfH R+J (M) = 0. 
Note that R 1 + H r+ j(M) / Rff 1 H r+ j(M) is a Noetherian i?/i? + -modulc, that 
is, a Noetherian i?cr m odule for each i = 0,...,« — 1. One then obtains 
H R+J (M ) is a finitely generated .Ro-module, and so is H R+J (M) n for all 
neZ. 

Suppose now i > 0 and the result is established for smaller values of i. 
Because of the graded isomorphism H' R+J {M ) = H l R+ J {M/T r+ ,j{M)) for 
i > 0 (see [ TYY , Corollary 1.13]), we can assume M is an (i? + , J)-torsion- 
free R -module (and so is an i? + -torsion-free module). Then there exists an 
element x 6 R + which is a non-zero divisor on M, say deg(x) = a. The exact 
sequence 

0->l4 M[a] ->■ (M/xM)[a\ 0 

induces an exact sequence 

H‘„- t \AM) n+a ^ H‘ n - t \j(M/xM) n+a -> H i R+ J (M) n 4 H‘ R ^(M) n+a . 

From the above exact sequence and Proposition 15.21 one can deduce 
Y r+ j(M/ xM) n = 0 for n sufficiently large. From the inductive hypothesis 
it then follows that H R ^ j{M/xM) q is finitely generated for all q 6 Z. Again 
by Proposition 15.21 there exists seZ such that H l R + j(M / xM) n = 0 for all 
n > s and H R+ j(M) n = 0 for all n > s — a. 

Fix n G Z and let k > 0 be an integer such that n + ka > s — a. So 
HR + ,j(M) n+ ka = 0. For each j = 0,.., k — 1, we have the exact sequence 

HR+,j(M/xM) n+ (j + !) a —> H R+ J (M) n+ j a —> H R+! j(M)n+(j+l)a- 

In conclusion, we obtain H l R+ J (M) n+ j a is a finitely generated for j = k — 
1, k — 2,..., 1, 0, so that H R+ J (M) n is a finitely generated for all n£Z. 

□ 
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Theorem 5.4. If J is generated by elements of zero degree, then, for all 
i> 1, H R j(M) n is a finitely generated R^-module for all n6Z. 

Proof. It follows from the graded isomorphism H R+ j{M) = H l R+ j{M /Y r +i j(M)) 
for i > 0 and the above lemma. □ 


Consider the following definition. We say Ass R 0 (H R+ J (M) n ) is asymp¬ 
totically increasing for n —> —oo, if there exists an n 0 G Z such that 


Assro ( Hi R+tJ (M) n ) C Ass 


for all n <Uq. 

Lemma 5.5. Let M be a finitely generated graded R-module and J an ar¬ 
bitrary ideal. Let i G No be such that H R j(M) n is finitely generated R 0 - 
module for all j < i and n « 0. Then Ass Ro (H l R+J (M) n ) is asymptotically 
increasing for n —> — oo. 

Proof. We prove by induction on i. The case i — 0 is trivial as H R+ j(M) n = 
0 for all n -C 0. So, let i > 0. In view of the natural graded isomor¬ 
phism H r+ j (M) = H k R+ J (M/T r+iJ (M)) for all k > 1 (see jTYYl Corollary 
1.13 (4)]), we may assume M is an (R + , J)-torsion-free i?-module. Since 
r„ + (M) c r R+ , j(M), we now use [BS[ Lemma 2.1.1] and [BH1 Proposition 
1.5.12] to deduce that R\ contains an element x which is a non zero-divisor 
on M. The exact sequence 0 —» M{— 1) A M —* M/xM —> 0 induces a 
graded long exact sequence 


HrP M ) -> H^AM/xM) -x 1 ) -> 

Through this sequence, we obtain H J fj f\j(M/xM) is finitely generated for all 
j < i. So, by induction, there exists some qfZ such that 

Ass Ro {H 3 r ^j{M/. xM) n ) = Ass Ro (H 3 r ^j(M/. xM) ni ) =: A for all n < n x . 

Moreover, there exists some n 2 < n\ such that H l R + j(M) n+1 = 0 for all 
n < n 2 . So, for each n < n 2 , we have an exact sequence of /?, 0 -modules 

0 H^j{M/xM) n+1 -G H R+ J (M) n H R+ J (M) n+ i, 
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induced by the above exact sequence. This shows that 


A C Ass# 0 (i^j +jJ (M) n ) C^luAss fi0 (^ +)J (M) n+1 ), for all n < n 2 . 
One can then conclude that 

Ass Ro (H i R+ J (M) n ) C Ass^ 0 (if] ?+; j(M) ri+1 ), for all n < n 2 . 


□ 

Theorem 5.6. Let M be a finitely generated graded R-module, J an ideal of 
R generated by elements of zero degree, and leti G N be such that Hf j(M) n 
is finitely generated R 0 -module for all j < i and n « 0. Then there exists 
a finite subset X o/Spec(i?o) such that Ass R 0 (H l R+ J (M) n ) = X for n « 0. 

Proof. This is a consequence of Lemma 15.51 and Theorem 15.41 once 

Ass R 0 (H l R+ j(M) n ) is finite for all integer n. □ 

If the sequence {Assr 0 (H' 1 r+ j(M)) n } ne % satisfies the assertion in Theorem 
15.61 we say it is asymptotically stable for n —> —oo. 

As an immediate consequence of Corollary 14.51 Lemma 15.51 and Theorem 15.61 
we get the following result. 

Corollary 5.7. Let M be a finitely generated graded R-module. 

(i) //depth(i? + , J, M) = dim M/ (m 0 A + J)M then, for all i > 0, 
{A S s R ,(H’ RtJ (M)) n } nG z is asymptotically stable for n —$■ — oo; 

(ii) Ift = depth(/? + , J, M), then {Assn 0 (H t R+ J (M)) n } n£ z Is asymptotically 
stable for n —$■ —oo. 

Last Corollary, item (ii), was showed in [BHl Proposition 5.6] for the case 
J = 0. 
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